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We consider a Glauber dynamics reversible with respect to the two-dimensional
Ising model in a finite square of side L with open boundary conditions, in the
absence of an external field and at large inverse temperature 5. We prove that
the gap in the spectrum of the generator restricted to the invariant subspace of
functions which are even under global spin flip is much larger than the true gap.
As a consequence we are able to show that there exists a new time scale (..,
much smaller than the global relaxation time 7., such that, with large probabil-
ity, any initial configuration first relaxes to one of the two “phases” in a time
scale of order 1., and only after a time scale of the order of ¢, does it reach
the final equilibrium by jumping, via a large deviation, to the opposite phase.
It also follows that, with large probability, the time spent by the system during
the first jump from one phase to the opposite one is much shorter than the
relaxation time.

KEY WORDS: Ising model; Glauber dynamics; relaxation time.

INTRODUCTION

We consider a Glauber-type dynamics for the two-dimensional Ising model
in a finite square A, of side L with open boundary conditions, zero
external field, and at large inverse temperature f.

The equilibrium Gibbs measure u ,, at inverse temperature f§ is given
by

exp[ —BH 4,(5)]
pale) =S Zu=  F el —fH ()]
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where H,, (0)= —% . y5ea,0(x)0(y) and, as usual, >’ . ,5 .4 denotes
the sum of nearest neighbor pairs in 4, .

The associated reversible Glauber-type dynamics is characterized by
its generator %, of the form

Luflo)="Y Y cdo,a)f(a™)~f(0)]

xedp a=+1

where ¥ is the configuration ¢ with the spin o(x) replaced by a and the
jump rates c.(o, a) satisfy the detailed balance condition w.r.t. the Gibbs
measure /1 ;,

Ha,(0) e (0, a) =p 4,(67) ¢ (677, a(x))
and a natural symmetry property under global spin flip
C.\‘(as a) = C.\'( —0, _a)

If f is larger than the critical value f., the system undergoes a phase
transition and the infinite-volume dynamics is not ergodic. It is therefore
interesting to see how this absence of ergodicity in the thermodynamic
limit affects the ergodic behavior in finite volume, particularly when the
boundary conditions, e.g., open or periodic, do not break the natural sym-
metry under global spin flip.

In the relaxation process of the dynamics generated by £, to its
equilibrium measure given by u,, there exist at least two physically
relevant time scales, which we will denote by ¢, and ¢,

The first one, ¢, can be identified with the inverse of the gap in the
spectrum of the generator .#,, and it is the time scale characterizing the
global relaxation process to the equilibrium Gibbs measure u,,. The
second one, ..., can be identified with the inverse of the gap in the
spectrum of the generator .%,, restricted to the invariant subspace .# of
functions that are even with respect to a global spin flip, and it charac-
terizes the relaxation process as ¢ — oo of the probability distribution of the
Peierls contours generated by the dynamics at time ¢.

In ref 8, our basic reference, the asymptotic to ¢, as L — o0 was
analyzed in detail and it was shown that, for any ¢e (0, [/4], any S large
enough and any L

exp[ Br(B)L — CBL'***] <ty <exp[fr(F)L+ CBL'***]  (0.1)

for some numerical constant C, where t(f) is the surface tension in the
direction of, e.g., the horizontal axis. Recently such a result has been
extended in ref. 2 to any §>§..
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The reason for such slow global approach to equilibrium is the follow-
ing. If the dynamics starts from one stable phase, e.g., that in which the
majority of the spins is +1, then, in order to relax to equilibrium, it has
to make a “jump” to the opposite stable phase; in particular, the system,
during the time evolution, has to go through the “bottleneck” represented
by the set of configurations of zero (or +1 if the cardinality of the square
is odd) magnetization. Such a set has an equilibrium probability whose
inverse is of the order of the leading term in (0.1)."'” The difficult part of
the proof of (0.1) was to show that the inverse of such an equilibrium prob-
ability probability actually gives the right asymptotic for the relaxation
time ¢, (the lower bound is easily obtained, while the upper bound
required new ideas and new techniques). Recently is has been shown in
ref. 7 that a relaxation time exponentially large in L occurs also if the
boundary conditions are present, but, roughly speaking, they do not
especially favor any one of the two phases. This is the case, in particular,
if the boundary conditions are randomly distributed accoding to a
{1/2,1/2} Bernoulli measure.

It is important to notice that if the symmetry of the Gibbs measure
under global spin flip is broken by homogeneous boundary conditions, e.g.,
+ b.c,, and thus one of the two phases becomes unstable, then the relaxa-
tion time becomes much shorter than it was before and in particular (see
Theorem 3.1 in ref 8) it can be bounded from above by exp(C,SL'**¢).
Equilibrium is, in this case, induced by the boundary by means of some
sort of spin wave with the same sign of the boundary conditions, initially
attached tothe boundary and shrinking to zero as time goes on. Recently
in ref. 11 it has been shown that the relaxation time with plus boundary
conditions has to diverge in the thermodynamic limit at least as some small
power of L.

The above discussion suggests that if we look at functions that are
even under global spin flip, i.e., do not distinguish between the two phases,
then their average over the dynamics at time ¢ will relax to the equilibrinm
value in a time much shorter than the global relaxation time. This is indeed
the case and its proof represents the main aim of our paper. More precisely
we will show the following.

Theorem. There exists a positive constant f, such that for any

B=Bo
o1 t
lim —1 —=1>0
Ll—{n‘x L o8 <teven> ~

Remark. Unfortunately, we are not able to prove that f., Is, €.g.,
bounded above by a power of L, as it is natural to conjecture if one
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neglects the interaction between Peierls contours and assumes a “mean cur-
vature”-type of motion for each one of them. It would also be interesting
to know whether the gap of &£, restricted to the subspace .# coincides
with the second nonzero eigenvalue in the spectrum of %, . In this case
&,, would fit in the general framework of “metastable Markov semigroup”
discussed in ref. 3.

Nevertheless the above result, besides being of independent interest,
has some nice consequences that make the picture found in ref 8 more
precise. The first one (see Theorem 3.1) says that, under the dynamics, any
initial configuration relaxes to one of the two phases in a time scale /..,
much shorter than ¢.,. The second one (see Theorem 3.2) says that, once
the system decides to jump from one phase to the opposite one, then, with
large probability, it does it on a time scale not larger than f.,.,, again
much shorter than the average time one has to wait in order to see the
jump. One could say that in our case the Glauber dynamics has a behavior
similar, in some sense, to that of a finite-dimensional reversible Markov
processes with invariant measure having a symmetric double-well structure
in the low-noise regime (see, e.g., the fundamental work by Freidlin and
Ventzel®). These applications are discussed for simplicity only for the heat
bath dynamics (see Section 1), but they could actually be extended to any
attractive Glauber dynamics.

The paper is organized as follows. In Section 1 we define the model
and recall some basic notions from the theory of the Ising model that will
be useful later on. In Section 2 we prove the main theorem, in Section 3 we
make precise the conclusions mentioned above, while Section 4 is devoted
to the proof of several technical lemma needed in Section 2.

1. THE MODEL

In this section we define the model and the random dynamics that will
be the object of study in the next sections.

1.1. The Ising Model in a Finite Square with Open
Boundary Conditions

Let Z* be the usual two-dimensional square lattice with sites
x={(x, X,) equipped with the norm |x|=|x,|+ |x,]. We will sometimes
consider Z* as a graph with vertices the sites x € Z> and edges all pairs of
sites x and y such that |x — y| = 1. Given V < Z?, we define the interior and
exterior boundaries of V as

OmV={xeV;3p¢V;|x—y|=1}
O V={x¢ V;AyeV;|x—y|=1}
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and the boundary oV as

WV ={(x,y); X€0n V., y€0er Vs |x —y| = 1}
We also denote by | V| the cardinality of V. Next, for any finite subset V
of the square A, ={xeZ* 0<x;<L, i=1,2} we define the energy H,(c)

in ¥ of a configuration 6 Q,={—1, 1}" with boundary conditions t on
OV\eV, as

Hyo)==% Y (ox)a(y)-1)— Y  (o(x)t(y)—1) (L)

xoreV (x, ¥) e dV\OAL
and the associated Gibbs probability measure at inverse temperature f

_exp[ —BH}(0)]

wiko) ==t (1.2)
where the partition function Z(V, ) is given by
Z(V,t)=Y exp[ —fH}(0)] (1.3)

If the boundary condition 7 is the special configuration z(x)=1VxeZ?
then in all our notation the superscript v will be replaced by a simple +.
We also set, for any function f: Q,— R,

wAS) =2 uilo) f(a)

Notice that if the set ¥ coincides with A4,, then (1.2) describes the usual
Ising model in 4, with open (free) boundary conditions. If the set Vis a
rectangle R (with sides parallel to the coordinate axes), we will sometimes
denote, whenever confusion may otherwise arise, by g3 ™™™ the Gibbs
measure on R with the boundary conditions 7,, 75, 73, T4 on the external
boundary of its four sides ordered clockwise starting from the bottom side.
We use the convention that, if one of the configurations t; is identically
equal to +1 ar —1, then we replace it by a + or a — sign, while it is
replaced by the symbol F if the ith side lies on the ith side of 4;. Thus,
for example, 7,, +, &J, + means 7, boundary conditions on the bottom
side, plus boundary conditions on the vertical ones, and open boundary
conditions on the top one.

As a next step we recall some monotonicity properties enjoyed by
the Gibbs measure u7,, which easily follow from the well-known FKG
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inequalities,”®’ which will play a crucial role in the next sections. Given two
configurations 7,, 7, in 25, we say that 7, <7, iff

,(x) < a(x) VxeZ?

Then, for any pair of finite subsets V, =V, =A,, any pair of boundary
conditions 7, 7, and any function f: £, — R which is increasing with
respect to the above partial order, we have

() <suB () wpN<ui () (14)

1.2. Chains, * -Chains, and Peierls Contours

Given a sequence of sites ¥=x'...x" we say that € is a chain if
[x'—x'*! =1 for any i=1...n—1. A xchain is defined in a similar way
but with |x —y| substituted by

[X—=¥le Emax{]x, —nl, ,xz“J’z|}

A chain € is called a plus chain for the configuration ¢ if 6{x)= +1Vxe¥
and similarly for a #-chain. Two disjoint sets 4 and B are said to be con-
nected by a plus chain (plus #-chain) in the configuration o if there exists
a plus chain (plus *-chain) ¥ with x'€ 4 and x" € B.

Next, if we denote by Z>" the dual lattice of Z2 we call a bond any
closed segment in R? connecting two neighboring sites of Z>* and we say
that two neighboring sites x and y in Z> are separated by the bond b if
their distance (as sites in R?) from b is equal to 1/2. We also say that a pair
of orthogonal bonds intersecting in a given site x* of the dual lattice Z**
are a linked pair of bonds iff they are both on the same side of the 45° line
across x*. Given Vc4,, t€2 ,.,, and 0 €Q,, we denote by ¥7,(o) the
collection of all bonds separating sites x,ye Vu?o,,V, where either
a{x) #o(y) or a(x) #t(y). It is easy to see that ¢¥,(o) splits up in a unique
way into a collection of contours I'|(¢), I's(0),..., I',(c), where a contour I
is a sequence eg, €, €,..,, €, of bonds such that:

(i) e;#e;for all i and j.
(i) Foralli=1,.,n—1 the bonds ¢, and ¢, , have a common ver-
tex in Z%°,
(iii) Ife;,e;,y,e;, e, intersect at a given site x*, then both pairs
(e;, e;41) and (e;, e, ) are linked pairs of bonds.

We will denote by I the set of sites of Z2" where an odd number of bonds
in I" meet and we will say that I' is closed if 6I'= & and open otherwise.
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Then it is easy to check that any I'e¥} (o) is either closed or
6= {x*, y*}; moreover, x* is the endpoint of a bond be I separating
either two sites x, y€0,, V or x€0;,, V, y € 0er V and the same for y*. The
length |I'] of a contour will simply be the number of bonds in I". Given a
contour I, we denote by A(I') the set of sites in Z2 such that either their
distance (in R?) from I is 1/2 or their distance from the set of vertices of
Z*" where two nonlinked pair of bonds of I meet is equal to l/\/i.

1.3. A Class of Block-Glauber Dynamics for the Ising Model

In this subsection we define a class of Markov processes on £ ,, which
are all reversible with respect to the Gibbs masure p 4, with open boundary
conditions.

Following ref. 8, each one of these auxiliary Markov processes will be
indexed by a certain covering of the set A, by blocks (i.e., subsets of 4,)
and at a given updating only the spins inside a particular block will be
changed. More precisely, let {R,},_, , be a covering of 4, and let us
define the generator L!®! of the Markov process ¢!%! indexed by the
covering {R;},—,. . by

LFNE)=F T ur e —1 ()] (1)

i nefpg

where ¢” is the configuration in ©,, equal to # in R, and to o in 4,\R,.
As is easy to check, the operator L%} is symmetric in the Hilbert space
L*R,,, du,,) with real nonpositive eigenvalues

0=’10({Ri})>_}“l({Ri})>"'Z—Ak({Ri}); k=2"-1

In the sequel we will call gap(L{®?) the value A,({R;}) and we will refer
to the Markov process generated by L% as the { R;}-dynamics. The par-
ticular generator L{# in which the elements R, of the covering are the sites
x of A, in the sequel denoted simply by L,,, is known in the literature
as the heat bath process (HB dynamics in the sequel) and it is an example
of a Glauber dynamics for the Ising model, that as, a Markov process on
Q 4, with generator of the form

(2, N0)= Y Y cdoa)lf(6™)—f(o)] (1.6)

xeAdL a==*1

where ¢*¢ is obtained from ¢ by substituting the value g(x) with a and the
Jump rates ¢.(o, a) satisfy the detailed balance condition

1a(0) 0, @) =p 4,(0™%) c (6™, o(x)) (17)

822/84/3-4-22
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the short-range condition
c.\'(aaa)zc,\'(”’a) lf O'(y)=l7(y) VIX_J’|<R (18)
for some finite R, and

0<k<minc (o, a)<maxcJo,a)<1/k (1.9)

x.a,0 X.4a,0

for a suitable constant k independent of L, the side of our square.

2. PROOF OF THE MAIN RESULT

Let A, be the square 4, ={xeZ* 0<x,;<L,i=1,2} and let &, be
of the form (1.6). We assume that the jump rates ¢ (o, a) satisfy (1.7)-(1.9)
for 414, and the following additional symmetry condition:

clo,a)=c(—a, —a) (2.1)
If ./ is defined as
M={f:Q2,4, R flo)=f(—0)VoeR,}

then, because of (2.1), ./ is left invariant by %,,. Thus we can consider the
eigenvalues of —%,,| , and in particular the first positive eigenvalue,
which we denote by gapee.(-Z,,). By the min-max principle, gap.yen(-%,,)
is given by

)
gapeven(gAL) —flerl_g/ Var(f)

(2.2)

where &(f,f) denotes the Dirichlet form associated to %, :

F(L =YY palo) clo, a)[ f(67) — f(a)]? (2.3)

o X.a
and Var(f) denotes the variance of f with respect to u ;.

Theorem 2.1. There exists a positive constant v, such that for any

B= B

L—-ooL

lim l]o <gapeven($AL)>
8\ gap(2,)

Remark. We observe that functions in .# depend only on the Peierls
contours ¥, (o) of the configuration ¢ and not on the sign of the spins.
Thus we can conclude from the theorem that the probability distribution
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of 4,,(g,) converges to the equilibrium measure over the contours in a time
of the order of gap.,en(#,,) ", which is much shorter than the relaxation
time gap(.%,,) " of the probability distribution of o,.

Proof of Theorem 2.71. First we observe that, because of (1.9), the
Dirichlet form of .#,, can be estimated, apart from a constant factor, from
above and from below by the Dirichlet form of L,,, the “heat bath”
generator. Therefore it is enough to prove the result only for L ,,. Next we
observe that

Jim  lim. —[%Llog(gap(LAL>)=ﬂlm W) =2 (24)
where 7(f) is the surface tension in the horizontal direction. In (2.4) we
used Theorem 4.1 of ref. 8 to derive the first main equality and standard
results on the surface tension t(f) (see, e.g., ref. 4) to compute the limit
f— oo. It is therefore enough to show that there exists a positive constant
0 <1 such that, for all sufficiently large f, we have

Lo o L

lim —ﬂilog(gapeven(LALn@(l—6) (25)

In order to prove th above basic result we follow the strategy employed in
ref. 8 to prove the first limit in (2.4).

Given 0 < J < 1/20 let us consider the covering of 4, whose elements
are the following six rectangles:

Ri={xed : (i—1L,+L)2<x,<(i+ 1)L, +6L)2—6L}, i=1,23
Ri={xed, :(j—4NL,+06L)2<x,<(j—20L,+0L)/2—JL}, j=4,5,6
where L, =L(1 —0)/2 and L,=(L(1—8d)/2.

In the sequel we will denote by &!R}(f,f) the Dirichlet form
associated with the associated generator L'%:

EFNLN =1L T Hafa) ur(mLf (@)~ f(0)]
i oy

where, according to Section 1, u%, denotes the Gibbs measure in R; with
boundary condition ¢ along 0., R\O. .. It is quite easy to check (see,
e.g., Proposition Al.l in ref. 1) that for any f we have

é’(ﬁf)?%ijnrfgap(%)é’{R’}(f,f) (2.6)
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Thus, since the subspace .# is obviously invariant also under LRt we
have

ga’peven(LAL) =3 lnfgap(Lr ) gapeven(L{R' ) (27)

Finally, thanks to Corollary 2.1 of ref. 8, we have

. 1 e~ T 5
i{lrfgap(Lr )>nj1f2 IR| e=*F 1 ¢*% A=+ (28)

If we now combine (2.7) and (2.8), we conclude that (2.5) wil follow once
we prove the following result:

Proposition 2.1. There exists d,< 1/20 such that for any §<d,
there exists fy(J) such that for any § = f, there exists another positive
constant k(f, 6) such that

82Deven( LX) 2 k(B, 8) VL

Proof of Proposition 2.1. The proposition follows immediately if we
can show that, in the above range of parameters, there exists a number
a(B, 0) € (0, 1) such that for any large enough L the restriction to the sub-
space .4 of the semigroup generated by L!{&! at time =1 is a contraction
in the sup norm, with norm less than 1 —«. In more probabilistic terms, if

sup |E, f(e!E)<(1—a) |fl. Ve (29)

where E, f(c!%!) denotes the average over the process at time ¢ starting
from o. Let now {¢,},_, . be the random times at which the initial con-
figuration ¢ is updated. Then (2.9) follows if we show that there exists a
number &(f, ) € (0, 1) such that

sup |, flelf<(l—e)|fl. Vfes (2.10)

We will now concentrate on the proof of (2.10). Notice that, because of the
definition of the block dynamics, the following “multiple integral” formula
holds for E, f(a{f):

1
ng(alfskﬁ) = Z & J du;il(a,) f d#}’z,-z(o'z)

i...ise{l1...6}

x [ dug (03) [ dug (o0) [ duzifos) flos)  @11)
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where the factor 1/6° stands for the probability that during the first five
updatings the rectangles R; ... R, are chosen in the given order. Therefore,
in order to prove (2.10), it is sufficient to show that for any initial con-
figuration o there exists a special sequence (in the sequel called a good
sequence) i;{o)...is(0) and a number &g, §) e (0, 1) such that

[dus o)) [ duzifon) [ dug(on) [ duz (o) [ dusi(os) f(os)

sup
<(1-8)|fl (2.12)

In order to define the set of good sequences we first need the following key
result. Given a rectangle R with horizontal side L and vertical ones
1L(1-6), 0<d<1/20,

R={x;0<x,<L,0<x,<iL(1-9)}

let us denote by M the vertical strip {xe R: $1L(1 —46) <x, <3L(1 +46)}
and let 9,, i=1,.., 4, be that part of 9,,, R adjacent to the ith side ordered
clockwise starting from the bottom one. Given a vertical open contour I’
in R, namely an open contour whose first and last bonds separate two sites
in the top and bottom parts of OR, respectively, we will say that I is of
type ( +, —) if the spins on the left part of 4(I") are plus and the spins on
the right part of 4(I") are minus, and similarly for (—, +) type. Let us then
consider the following four events:

S* ={0; 3 a plus *-chain ¥ = {x € R: dist(x, 9;) <35L)

connecting 8, with 9}

S~ = {0; 3 a minus *-chain ¢ = {x € R: dist(x, ;) <36L}

connecting 0, with d,}

C'*7)={0; 3 an open (+, —) vertical contour I"
with 4(I'} = M4; 3 a plus *-chain
%, < {x € R: dist(x, 9;) <3JL}
connecting 9, with 4(I'); 3 a minus
x-chain ¢, < {x € R: dist(x, 0;) <3JL}
connecting ,, with A4(I')}



666 Marcelli and Martinelli

C'=*)'={0; Jan open (—, +) vertical contour I"
with 4(I') € M; 3 a minus *-chain
%, < {x€eR:dist{x, 3;) <35L}

connecting 0, with 4(I'); 3 a plus
x-chain %, < {x € R: dist(x, 05) <35L}
connecting 0, with 4(I)} (2.13)
Warning. In the sequel, for notational convenience, we will denote
with the same symbol £(L) any error term in our estimates which is
exponentially small in the side L of our square. In particular, when adding

two (or a finite number independent of L) error terms coming from two
different estimates we will write 2¢(L) and so forth. Then we have:

Lemma 2.1. There exists d, < 1/20 such that for any 6 <J, there
exist B(d), k(6) >0, and L, such that for any f=f, and any L> L,

Sup#g.z.a.z((s+ uS-uC*t Iyt +))z‘) S&(L)

The proof, based on the Peierls argument, it postponed to Section 4.

Remark. Clearly an analogous result holds if the boundary condi-
tion o is on the bottom side d, and, in the definition of the events S+, S,
C'*+ =) C'= %) the third side d; is substituted with 8,. For simplicity,
however, we will keep the same notation S*, §—, C'* =), C'~*) for the
modified events whenever confusion does not arise.

Using the above result, we can conclude that for any o

max{ug (S*), uz (S7), u7,(CH ), ug(C )} 2 1/5
and similarly for R,
max{uz(S*), uz (S7), uz(C'* 7)), u7(C' ™} 21/5

We are now in a position to define the set of good sequences /,...i5 for a
given starting configuration ¢.

Definition. We say that the sequence i,...is, i;€ {1...6} is good if:

(a) i,=1,i,=2,i,=3, and i, is arbitrary if

PR(SH)> 15 or  u(ST)>1/5
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(b) i,=3,i,=2,i3=1, and i,, i5 arbitrary if condition (a) above is
violated and

HR(STY> 15 or  uR(ST)>1/5

(¢) i,=1,i,=3,i3=4,i,=5, i;=6 if conditions (a) and (b) above
are violated and

PR (CH)>1/5  and  ug(C+7)>1/5
or
U (C">1/5  and  pR(CF)> 15

(dy i=1,i,=3,i3=2,i,=1, i;=13 if conditions (a)-(¢) are violated
and

pe(C*)>1/5  and  pg(C' ) >1/5
or
PR (CT Y >1/5 and UG (CH ) > 1/5

Given now ¢ and a good sequence i,...is, let us estimate the left-hand
side of (2.12).
We have to distinguish among the different possibilities (a)—(d).

2.1. Case {a)

Without loss of generality we can assume that u% (S*’>'”. Then we
write

a0 [ dunon) [ dugton) [ dug o [ i o0) f100)

= ) [ (o [ duzigon) [ dugi(os) glos) (2.14)

where we have set

8(03) = [ duz (00) [ dusi(05) flo5)
Notice that, by construction, g€ . and |g|., <|f1... If in (2.14) we write

I =yxs+(01) + X(s+)(0)
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we get that the r.h.s. of (2.14) is smaller than or equal to

[n o0 157 25 [ il [ s (o

#|[ dunon 15w [ it [duifos) @] 215)

The second term in (2.15) is trivially estimated by

HR((ST)) 18l Sur((ST)) 1S (2.16)

In order to estimate the first term, we need the following technically easy
lemma.

Lemma 2.2. In the same range of parameters as for Proposition 2.1
and for any function F depending only on the spins in R;\R, we have

U du (o, | S*) (o))~ [ dujy(o)) Floy) | <e(L) |,

The proof is postponed to Section 4.
Thus we have that the fist term in the r.h.s. of (2.15) is estimated by

[t 1571 a5 [ o) duiion et

SR (S™) +e(L) 1., (217)

[duiion [ duze) [ dugias) gloy)

Notice that in the Lh.s. of (2.17) the configuration o, in the first sum most
coincide with the initial configuration & in 4,\R,. Thus the boundary con-
ditions for the second rectangle R, are o, below and o above. This fact
justifies our notation x%;? in the r.hs. of (2.17). As before, we write in the
sum over g,

1 =ys+(05) + X 5+)(02)

where

St= {a; J a plus *-chain € < {xeR2 s dist(x, 0;) <

oof b~

(1—5)}

connecting 9, with @ 4}
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We thus get

HR(ST)

[duition | duzyo(on) [ duzos) glos)

<ﬂR](S+

Jd,ukl a, Jdu”‘ (a2 STYuz”(8*) Jid,uk1 (04) glo,)

+u% (S7)

.[d,um(a )fdu”' (o2 | (ST uR7((ST))

(2.18)

J duZ(as) glos)

The second term in the rh.s. of (2.18) is easily seen to be bounded from
above (see, e.g., Proposition 4.1 of ref. 8 for a similar statement) by

/1 (5™ [ o) 1 ((5))
< fle 1R (ST) “du,%;*(a,)u',?g”((S'*)“) +£(L)} (2.19)
where
— . L
R, ={xeR, s dist(x, ;) sz(l +<5)}

and ¢(L) goes to zero exponentially fast in L.

Using the monotonicity properties discussed in Section 1 and the
DLR equations, we find that the r.h.s. of (2.19) is in turn bounded from
above by

e (59| [ i don) s =S ™)) +a(L)|

< U138 | [ it (S D)

= oo a3 (S0, Sr((ST)) +&(L)] (2.20)
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Let us now examine the first term in the r.hs. of (2.18). We write

() |[du0) [ dugy7(021 5% usio(5%) [ dusifon) g

< (8 ug ) | [ duiio) [ duzi®(o2) 57) [ dugifoy) gloy)

+u(8) | dui (o)) [ duo(02] S9N (5T~ (5*)

xfdﬂf;;-,(a3)g(03) (2.21)

The second term in the r.h.s. of (2.21) can be estimated from above by

[flee u%(ST) [(u* (S*) fd;zk, o)) U "(S*))]

Sl BRIz (ST — gl rl STY +6(L)] - (222)

by the same argument that was used to derive (2.201. Notice that the
difference in height between the two rectangles R, and R, U R, is L. This
observation leads to the following lemma.

Lemma 2.3. There exists do < 1/20 such that for any d <dJ, there
exist fo(d), k(o) >0, and L, such that for any f =, and any L= L,

OSuE (S ) —upt o) <k(3s)6 Vo (2.23)
KT (ST)2 15 Vo (2.24)

The proof of the lemma is postponed to Section 4.

In conclusion, the r.h.s. of (2.18) 1s bounded from above by

(ST uz7(ST)

[duiion [duzio(or1 54 [ duz(os) glos)

F 1o MRS & S RAST)) +K(8)0 +26(L)] (2.25)

for any 6 <4, any f=f,, and any L= L,. Our goal at this point is to
show that the first of the two dominant terms in (2.25) is exponentially
small in L thanks to the fact that g(o) e .# and u ,,(g)=0. The first result
that we need is the following.
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Lemma 2.4. There exists d,<1/20 such that for any J < J, there
exist Bo(d), k(84) >0, and L, such that for any f=f, and any L> L,

ljduk,(al)[jdu‘" “(0315%) | duzi(os) (o)

Jdﬂa' +(02)Jd;t (03)g O3 :| <flw

with &(L) exponentially small in L.

The proof of the lemma is postponed to Section 4.
Using the lemma, we get that

PRl ST %(S™) Jd,ukI a,)fdy”' (0, | §+)Jd;t‘,’§3(a3) g(o3)

<z (S a8 | [ duii(0) [ du (o) [ dugos) glay)

FUR(S ) 1z (S U e(L)

<uR(ST pEE) |[dui o afed) [ dugifos) gla)

+ 2% (ST 1" (S) flo &(L) (2.26)

where we used Lemma 4.1 of Section 4 to replace the measure y z, with the
Measure 4 g . g,» and the DLR equations

We now observe that F(o,) jdy (0.) g(o;) is a zero-average even
function of ¢, depending only on the spms o,(x) for x € 4,\R;; moreover,
|F|.. <|fl.,. For such kinds of functions we can safely replace in (2.26) the
measure (% 5, With the measure u, (o | m>0), where, for an arbitrary
configuration a, m(a) =[X .. 4, 6(x)]/|4,| denotes the normalized magne-
tization. More precisely, the following holds.

Lemma 2.5, There exists d,<1/20 such that for any é <dJ, there
exists f4(d), k(dy) >0, and L, such that for any f = f; and any L= L,

l [ dio o) [ dusios) glos)

~[dustorim>0) [ dugoy) glo)) | <If1oe(l)  (227)

with ¢(L) exponentially small in L.
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The proof of the lemma is postponed to Section 4.
Finally, we notice that for any even function F(o)

w4 F) = di i (0 | m>0) Flo) (228)
so that
[ duafo21m>0) [ duz(o:) glon) = [ dia(o2) [ dugion) glo)

= [ dua,(0) S10) =0 (229)

where we used the DLR equations, the definition of g(a), and the fact that
/f has zero mean. In conclusion, by putting together (2.26)-(2.29), we get
that the first main term in (2.25) satisfies

ﬂR|(S+)/t;aa S+

W[ duiion) [ dusioo21 5+ [ dugi(ay) gla)

<3e(L) If].. (2.30)

This allows us to conclude that the r.hs. of (2.14), our starting point, is
bounded from above by

| /e {/"R. (S*) )+l‘R, S+)[ﬂR.uRv (§+)c)+k(5o)5] +63(L)}
SISl {1 — 35 +k(39)d + 6e(L)} (2.31)
where we used the starting hypothesis, 4% (S*) > 1/5, and the bound
1S R((SH)) <45

which follows immediately from Lemma 2.3. Thus (2.12) follows for J and
L small and large enough, respectively, and the proof is complete. |

2.2, Case (b)

This case is related to case (a) by a 180° rotation. Thus the same proof
applies, but starting from the top rectangle R, and ending in the bottom
one R,.
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2.3. Case (c)
We have to bound the quantity

[ st [ afon) [ duo) [ dutton [ dusgon fia)

(2.32)

Without loss of generality we can suppose that
pR(CH > 1/5 and  puR(C'*HN>1/5
As in case (a), we write

1 =xcue-lo))+ x(ct+-nloy)
1 =XC‘+-"(UZ) +X(C'+-—)y‘(0'2)

in the first and second integrals, respectively, and we bound (2.32) from
above by

X(ZI(C(-{».—))#;}(C(Jﬁ—)) Udﬂ;l(al | C(+,—))

x J dug(o, | CH 70y .[ duz(as) f(os)

F 1 e 1R (CH N = pg(CH N+ Il (=R (CTH7) (233)

We will now analyze the term

[ dusior 1 €5 [du 031 € [yt fto)| 239

Let S5 be the analog of the event S* for the “vertical” rectangle R,:
S} ={0; 3a plus *-chain ¢ = {x e R,: dist(x, 0,) <35L}
connecting 8, with 05}
Then we write in (2.34)
1 =xs+(03) + xs7y(03)
and get that thé r.h.s. of (2.34) is bounded from above by

[dunfos1 57) [ dusifod) [ dusifos) flos)

SUP u(S.)

+ [ dug (o0 ] ) [dugon | € ) pEUSHI I (235)



674 Marcelli and Martinelli

Notice that the first term in (2.35) is identical, after counterclockwise rota-
tion of 90°, to the first term in (2.15). Thus we can repeat the reasoning
that led us from (2.15) to (2.31) and get

sup;zm(S+ (SH

)| durdos1 ) [ duzlon) [ dusifos) fios)

S SUp U, (S, )5 +Kk(J0)6 + 66(L)) (2.36)

The second term in (2.35) is estimated by the next lemma.

Lemma 2.6. There exists d,< 1/20 such that for any J <J, there
exists fo(d), k(do) >0, and L, such that for any f2 f, and any L= L,

Ud;zk.(a. | €0 [dus(oa ] € ) uB (ST [ <L)
The proof of the lemma is postponed to Section 4.

In conclusion, the r.h.s. of (2.33) is bounded from above by

[flo [ (CH 7 u(CF )N+ k(0)d + Te(L))
+1—puf(CH Y ue(C )]
S|fl[ — s+ k(60)6 + Te(L)] (2.37)

and (2.12) follows also in this case. |

2.4. Case (d)
We have to bound the quantity

"[d;t,m(a,)]d,u,(1 a,)fd,uk,(a; fd#;e. (04 Jd,u (o5) flos)| (2.38)

Without loss of generality we can suppose that
UF(CH N> 1/5 and HR(C TN >1/5

and we first bound (2.38) from above by

(O D€ | o 1 €0

deuZ,(Uz | =) [ dug(os) glas)

+(1=pR(CH N uG(CT N I flo (2.39)
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where

g(03)= [ du(0,) [ dusios) f(a5) (2.40)
Let us now define the events in R,:

ST+ = {a; 3 two plus 7 -chains €, %,
connecting 9, with 4, and such that

L
%, C{xeRz:—(l—é)sdist(.\', 0:) <

5 (1-of;

o-al

(241)

ot~ o~

L
%C{XERZ:E(I—é)sdist(x,al)s

S ™= {a; 3 two minus *-chains €, , %,
connecting 0, with 0, and such that

%, C{xeRzzlL—z(l —0J) <dist(x, 05} <

(1—5)};
(1—5)}}

Lemma 2.7. There exists d,< 1/20 such that for any d <4J, there
exists Bo(9), k(dy) >0, and L, such that for any f=f, and any L= L,

N o~

L
%c{xeRz:E(l—&)sdist(x,al)s

Then we have the following basic lemma.

Udu;,(m | €2 [duo | € ) ug((S ™+ U S™)) | <elL)

The proof of the lemma is postponed to Section 4.
Using the lemma, we can assume, without loss of generality, that

[dur(oi1Cro) [dugfon | Co ) pgp(st 9213 (242)
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and we can bound from above the integral in the first term in the r.h.s. of
(2.39) by

[ (o1 €07 [ dufo | €+ u(s*)

X sup jd;t‘,’h(ri | S**) g(n)

+ [ Az (o 1 € ) [dugfon ] €)W (STHY) Ifl. (243)

Notice that in the first term of (2.43) the function g(») depends only on the
spins 7(x), x& R,\(R, U R;). Therefore, as in the discussion of case (a) (see
Lemmas 2.2 and 2.6), we can safely replace the measure u% (n | S**) with

the measure u 4, (7 | m>0). More precisely,

sup | [ duir1 5 )| <| [ an 1 m>0) g+ L) 111, (240

Since the function g(x) is even with zero mean, the first term in the r.hs.
of (2.44) is zero. In conclusion, if we combine (2.41)-(2.44), we have
bounded (2.39) from above by

o CHF 2 g (€ )
| finon1 €0 [dug ot €0y ag(57 0] 1.
+ (I —uZ(CH N UR(CT ) +e(L)) ISl (2.45)
By assumption we have
He(CH ) >1/5 pg(C ) >1/5

[auzfor1 €+ [dugfor ] €= ui(s ) 2173

which implies that the r.hs. of (2.45) is smaller than or equal to

[1—35+e&(L)] S| (2.46)
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3. APPLICATIONS

3.1. Pathwise Relaxation to One of the Two Phases

In this section we derive some consequences of Theorem 2.1 for the
heat bath dynamics that, we hope, make more precise the picture found in
ref. 8.

To begin with, we describe a global coupling for the dynamics starting
from arbitrary initial configurations, which will be important for the for-
mulation of our result. Our construction works as follows:

(i) With rate |4,| we choose a site xe A, and a random number
£,€[0, 1] with a uniform distribution.

(i) Given an arbitrary configuration #, the value n(x) of the spin at
x is replaced by +1 if

xSy lo(x)=+1|n(y)y#x) (3.1)
and by —1 if the opposite inequality holds.

The above algorithm is of course nothing more than an explicit way to
realize on a common probability space the HB dynamics in A, starting
from different initial conditions. In the sequel we will denote by o™** the
output of (i) and (ii) and by ¢” (¢”,) the configuration obtained from 7 by
iteratively repeating the above steps up to time ¢ (between time s and
time t). We will also denote by N, the number of updatings that occurred
up to time £ Clearly N, is a Poisson random variable with mean tL> If 5
is one of the two special configurations identically equal to +1 or —1, then
it will be replaced by a + or a — sign.

Two properties of the coupling will be relevant for us. The first one is
known as monotonicity in the initial configuration:

ol < o] if <t (3.2)

while the second expresses the symmetry of the problem under global spin
flip:

oTT(X) = —aTITRx) i EFEpy ()= +1 (), y#x) (33)
We are in a position to formulate our first resuit. Let

108L?

Tp=————
gapeven(LAL)

(3.4)
Then we have the following result.

$22/84/34-23
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Theorem 3.1. There exist positive constants f,, L, such that for
any f2f, and any L > L,

supP(o #07#0,7)<e /] V=T,
L
Corollary 3.1. Under the same hypotheses as for the theorem
sup f du, (1) P(ai# 0" £07)<e UM Vi>T,
n

Proof of Corollary 3.1. By monotonicity, the probability appearing
in the statement is obviously smaller than the corresponding probability
appearing in the statement of the theorem. |

Remark. Notice that, thanks to Theorem 2.1,

t

if 1.,y =gap(L,,)”". Thus the corollary says that any initial configuration
relaxes to the dynamics started from one of the two phases in a time much
shorter than the global relaxation time 7,.

Corollary 3.2. Under the same hypotheses as for the theorem let
T,=LT,. Then

sup |[P(o7, =0%)+Plor, =0%)—1|<e(L)
n

where ¢(L) is exponentially small in L.

Proof of Corollary 3.2. Using Theorem 3.1, we have that

sup |[P(of,=0%)+Plog,=0})—1<e " +P(cf=07) (35)
n

Clearly the event g7, =07 implies that
m(a7,)<0 or m(ar)=0
Thus the second term in the r.h.s. of (3.5) is bounded from above by

2[@( Y oi(x) so)

xXeAp

<4J

ni(n) >0

du 4,(n P< Y a”TI(x)<O><s(L)

xXeA;
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because of monotonicity in the initial configuration, of the definition of 7',
of Theorem 2.1 and of estimate (4.5) of ref. 8.

Proof of Theorem 3.7. Let us set

p(ty=supP(o; #£0l#05]) (3.6)
n

Then, by monotonicity in the initial configuration and the Markov
property, p(t) satisfies the inequality

plt+ )< pl1) p(s) (3.7)
Thus in particular
p(1) < p(To)tm (3.8)

It remains to prove that p(7,)<e~' For this purpose we observe that,
because of (3.2),

05, <0, and OnZ0npn (3.9)
which implies that p(T},) can be bounded from above by

T <sup P07, 1, 00 #0 0. 10)
n

=sup E,(f(o", ) (3.10)
n

where
fp=P(aF,,#0%n#07) (3.11)

Notice that, because of (3.3), fe.#. Therefore we can bound from above
the r.h.s. of (3.10) by

(_‘. du 4, (1) IE;,(f(U'lro/z)) —ﬂAL(f)|2

min,, 4 4,(7)

172
> +iu/l[_(f)

172 T,
<(Z20) exp - Rogapal L) | +al) 312

minr[ :uAL( 2

Both terms in the r.h.s. of (3.12) tend to zero as L — oo, the first one
because of our choice of T, and the second one because of Proposition 5.2
of ref. 8. |
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3.2. Tunneling Between the Two Phases: Last Excursion

We will analyze in some detail the last excursion from one phase to
the opposite one. In particular we will show that, once the system decides
to make the transition, then it does it in a time much shorter than the
average time one has o wait in order to see the transition. As discussed in
the introduction, such a phenomenon is very common in stochastic
dynamics problems with several stable equilibrium points in the small-noise
limit.

In order to formulate the problem, let us define recursively, for a fixed
small J, the following sequence of stopping times:

t,=inf{t>s,_,; ||m(c?)| —m*| =25} (3.13)
s;=inf{1>1;; | |m(c?)| —m*| <}

where m* is the spontaneous magnetization. We also define the random
variable (1) as

v(n) =min{i; [m(a?) + m*| <} (3.14)

Then we have the following result.

Theorem 3.2. There exist positive constants f, L, such that for
any f=f,and any L= L,

sup I]:D(sv(q) - t\'(l]) = Tl) < E(L)
n

where T, = LT, is as Corollary 3.2 and &(L) goes to zero exponentially fast
in L.

Remark. If n is such that m(n)>m* —24, then, using (3.13) and
(3.14), we may call s, —t,,, and s, the time scale of the last excursion
before leaving the set {o; m(g) = —m* —3J} and the tunneling time for 7,
respectively. It follows from Theorem 5.1 of ref. 8 that, if » is identically
equal to +1, the average of the tunneling time is of the order of
gap(L ,,) ' and the same if 5 is distributed according to the Gibbs measure
restricted to the phase of positive magnetization. Thus in this case, using
the definition of T, together with Theorem 2.1, we may conclude that the
last excursion occurs on a time scale much shorter than the average tunnel-
ing time.
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Proof of Theorem 3.2. For any integer n we may estimate from
above sup, P(s,,, —t,,, = T}) by
nsup P(| |m(a?)| —m*| 2 Ve < T,) +sup P(»(n)>n) (3.15)
n n

Using the fact that the absolute value of the magnetization is an even func-
tion, we can write as in (3.12)

P(lIm(a7,)| —m*| = 8)

Var(f) \" T
<uallimin] =m20) + (o) enp| = P gapan(La)|
niaL

(3.16)

where f = x(||m(n)| —m*| = 8). Thus, using the definition of T, we have

lim sup P(||m(c% )| —m*| =2d)= lim u,(|Im(n)|—m* >d)=0 (3.17)
Lo

L-wx n
Then, using the Markov property, we get that

sup P(||m(n,)| + m*| 26Vt < T)) e IT/Tolgp—cL (3.18)
)

with c¢ arbitrarily large for L large enough.
Next we observe that, using the monotonicity in the initial configura-
tion and Theorem 5.1 of ref. 8,

SUP R(5,0) < E(sy 1)) S P81+ 0E (3.19)

where 7(f) i1s the surface tension in the horizontal direction and y >0 can
be taken arbitrarily small for L large enough. Therefore we can estimate
from above the second term in the r.hs. of (3.15) by

2L2efrih + L

sup P <s.,(,,> = ZLLl> +P(N,pp2>n) <———+27"e"? (320)
" n

where we used the Chebyshev inequality, (3.19), and the fact that the
variable N, ;1 is Poisson with mean n/2.

We now choose the integer n as n=[e#*#+ L] Then, if we combine
(3.18) and (3.20), we get that (3.15) is bounded from above by

[e#rP+DLY g=cL 4 oF 2e =1 +L | o(L) < 3e(L)

provided that L is large enough. ||
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4. PROOF OF THE LEMMA OF SECTION 2

Before starting with the proofs of the various lemmas, let us recall a
rather standard result that will be used several times in what follows,
whose proof based on cluster expansion or on the Peierls argument is
omitted.

Lemma 4.1. There exist f,>0 and m >0 such that for all f>=f,,
for all subsets V, < V,<c ¥V, with |0V,| <4L and for all events A in the
o-algebra generated by the spins in V,

/l;l(a'(.\')=+1)~#;2(U(X)=+1)<C Z e—mdist(.\'.aVl)
xe W (41)

Iﬂ (A _ﬂ )Isce—mdist(VhBVz)

where 1 denotes the infinite-volume plus phase.

4.1. Proof of Lemma 2.1

In the sequel we will denote by 0} the set of bonds b parallel to the
side 9; and such that they separate one site x €2, from a site y ¢ R. Then,
given an open contour I'e ¥ %(o), we will say that I starts in 8, and ends
in d;, and we will write I": 9, — 0, if the first (last) bond e, (e,) of I either
separates two sites in 9, (9,) or e, €0/ (e,e€0}*). Let us now define the
following four events:

{0;3re % (o) withdI'= and /T"| 2 30L}
{o;3r:0,—0,, j#1 with 4(I') " R\R; # &}
{o;3I" 95— 8, with A(I'") " R\M s # &}

A4E{a; 3r:0;,—0,and I"": 0, > 0,}

(4.2)

where R;={x€ R; dist(x, 9;) <3JL}. Then we have:
Lemma 4.2. Under the hypotheses of Lemma 2.1,

supuRld,vA,uAd;0 A,)<e(L)

Proof. By a standard Peierls argument

sup u(4;) <e(L) (4.3)
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Let us estimate sup, uR(A4,). We first observe that, given an open contour
I:0;—0;, j#1, we have

—2811 Z(R;’ (+a T)) Z(RF’ (_a T))
Z(R, 7)

urll)=e (44)

where R} and Ry denote the regions (not necessarily connected) in
R\A(I') above and below I, respectively, and, without loss of generality,
we have assumed that the boundary conditions on 0., R} nA(I") are +1
and —1 on 0. Rp nA(I). If we now set [.=dist(x*(I'), 3}), where
x*(I')edI belongs to e, e I', then, using the estimate

Z(R, 1) 2 Z(R, (—, 1)) Z(RF, (=, 7)) (4.5)

and the fact that we have open boundary conditions on 0 R N 3., A, We
get

Z(Rr, (+,7) Z(R;, (—, 7))
Z(R, 1)

< el (4.6)

Thus we have the bound

z #}(F)S Z e—2ﬂ|F|+2ﬂlr

I:d93— 05 I:03— g
A NR\Rs# & AN NR\Rs#+ &
<2 Z e——(Z/?——log(3))(1+3z§L)+2/}lSE(L) (47)
0<i<L

for f large enough. Clearly, (4.7) shows that

sep,u}(Az) <e(L) (4.8)

We now estimate sup, ui(4;). As before, given an open contour
I 9, 8,, let x*(I') eI be one of the endpoint of ¢, e I. We distinguish
between two cases:

(a) |x¥{)—L/2|<oL.

(b) |xHI)~L/2|>4L.

In the first case we assume, without loss of generality, that x{(I") < L/2.
Then, using the same ideas as in (4.4)—(4.6), we get

MR <exp[ =28 I +2fx (1] <exp(—28 |+ BL)  (49)
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We observe at this point that, since 4(I") n R\M +# ¢, the length |I'| is
larger than 1L(1 —6) + L. Thus, using (4.9), we get

> up(I'y<e(L) (4.10)
ros—a
INUY~ LJ2| < 6L
11 2 (L/2)(1 =)+ 6L

In the second case we proceed exactly in the same way but we exploit the
fact that |I'} > 1L(1 — &) while min(x¥(I"), L —x¥(")) <L/2—4JL, which
implies that the contour I" prefers to end on &, ud, instead of ending
on d,.

It remains to estimate sup, i (A4,) or better, using the above bound
on sup, i y(As), to prove that

sup 5 Aq 0 (43)) <e(L) (4.11)

This easy estimate follows immediately from the Peierls argument.
Lemma 4.2 is proved. |

Using the above lemma, we can conclude that

SUp UR((S*US NCH U C )N (A4, VA, udsud,)) <e(L)

so that we need only to estimate

SUpuRr(STUS UCH TN CT T A (A UAd, U AU A))

We observe that, if the event (S* u.S™)° occurs, then there exist plus and
minus chains %) and %,, respectively, that connect d; with the set R\R;.
In turn this implies the existence of a contour I"e ¥ 3(g) with

ANNo;# and AN R\Rs;# &
that is,

(STUSTYN(A4,VA, VA3 UA) cFn (A, VA, UA3U A

where F={a; 3! I'e % y(o), I 0;~ 0, with 4(I') = M,s}. We are left with
the estimate of

SUp uL((CH A CT TN AFA(A,Ud,udud,)) (4.12)
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Because of the event F, we know that there exists a unique vertical contour
I': 3, - 0, in the strip M that, without loss of generality, we can assume
to have plus spins on its left and minus spins on its right. Now, in order
not to have the event C'* ), there must exist either a minus chain €, or
a plus chain %, to the Ift or to right of I', respectively, connecting 95 with
the set R\R;. One easily checks that the presence of %, to the left of I
implies the existence of another contour I'" with length |I"'| >3dL and
analogously for %,. However, the presence of such a new contour is for-
bidden by the event (4, U 4, U AU 4,); thus

(C(+‘_)UC(—.+))cmFm(AlUA._,UA_;UA;;)":@

and Lemma 2.1 follows. ||

4.2. Proof of Lemma 2.2

It is immediate to check, using DLR and (1.4), that the projection on
Q2 pp\&, Of the measure u% (o, | ST) is larger than the same projection but
of the measure 5 (o). Thus we can estimate the quantity appearing in the
statement by

2|Fl, ) (pR(o(x)=+1]S")—uZ(a(x)=+1)) (413)

xeR\R

Because of the definition of the event S* and because of (1.4), each term
in the sum appearing in the r.h.s. of (4.13) can be estimated from above by

Br(0(X)=+1)—pug(a(x)=+1) (4.14)
where R,=R,\{xeR,; dist(x,d;)<35L}. Lemma4.l now shows that

(4.14) goes to zero exponentially fast in L uniformly in x. |

4.3. Proof of Lemma 2.3
Without loss of generality we assume that (1 + &) =275, where N> 1
is an integer, and we define for i=1,.., 2"

S.iz{xEElUR2:0<x1<L;

L(1-39) L(1-39)

. <x ,
7 +(i—1)dL<x,< 2 +1(5L}

I,.=[(i—1)6L+%, 16L+%], i=1,.,2Y-1;
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L [(2"’—1)0L+l 2N(5L+;J
I= UI [ (1+5)+1]
i=1 2

N

Notice that, by construction, {S;}2" is a partition of R, U R, into 2" dis-
joint horizontal strips of width JL. Let now A4 be the event

= {0; 3 a plus *-chain ¥ < {x € R,; dist(x, 0,) <L}

connecting 9, with ,}

Then
0<up (S*)—uk? p(S)
SHRIS) —uFT ST 1A HET p(A)
SHESRAAD) SHE SRAAY) (4.15)
since, by monotomc1ty, HET RS (ST 1A =u; PR S+). We will now estimate
from above gz Jg,(4°) Notice that, because of the (+, —) boundary

conditions on the bottom and top sides of R, U R,, there exists an open
contour I” connecting the two lateral sides of R, U R,. In the sequel, given
any such contour I, we will order its bonds e,, ¢,,..., ¢, starting from the
left side , and we will denote by x, the distance of ¢, from &, (as sets in
R?) and by d, the largest vertical excursion of I above or below the
horizontal line in R? containing the first bond e;. Clearly x is a discrete
random variable taking values 1/2, 3/2,... in the interval I. Let now B be the
event

B = {0; 3 a unique open contour I 9, - 9,} N {d<IL/2}

The standard Peierls argument together with large-deviation estimates on
I' (see ref. 4 and Lemma A.1 in ref. 8) prove that, in the assumptions of the
lemma,

BE S r(B) <e(L)

- (4.16)
LR Sr\A N {xr>26L +3) nBY<&(L)
Therefore, by taking L large enough, it is enough to prove that
PR Sr\Xr<20L+5| BY<cd (4.17)

where ¢ is a suitable numerical constant independent of § and L, provided
that the latter is large enough (depending on 9).
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In the sequel we denote by P, the Gibbs measure ug ;. condi-

tioned to the event B and we let

LU S

P;zEP:x(xr<25L+ %)

As a first step toward the proof of (4.17) we observe that, using the cluster
expansion technique, for any open contour I': J3, — 8, with d-<JL/2 one
easily gets'®

P,(I' is the open contour connecting ¢, with d,)

Z.;J u San
S e G R AU E M T R D
ZSlu w S ANSiu.. oS

AnanN#g

where the coefficients ¢(41) are exponentially small in the diameter of 4 and
invariant under vertical translations. Using (4.18) together with (4.16), it
follows that (see, e.g., the proof of Lemma A.l in ref. §)

P
Sup n(\F )

xovehouo . ubn_ n(xl'_y)

<14&L) (4.19)

that is, the law of x - under P, is almost uniform outside the two intervals
I, and I,.. In particular,

1+e&(L)

sup P(xr=x)< m

xehu.. . n_y

(4.20)

We now estimate p, by induction on n. We will show that

1 1+8(L)
< —
P;:\P::—|[2+2 2:1

+ (L)} e(L) Vnz=3 (4.21)

which, for L large enough depending on 4, implies that

<.1'[[

1 +8(L)

+ (L)] + Ne(L) <o
for a suitable numrical constant ¢ independent of d and L.
In order to establish (4.21), let A, be the event
A;7 = {3 aminus »-chain in S,-1 ., connecting 9, with d,}

Then we write

pllan(YrEIlUI"lA )Pn( )+P11(XFEIIUI7 (Ar;—)l) (422)
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Using the Peierls argument, one immediately shows that the second term
in the r.h.s. of (4.22) is bounded from above by &(L). Monotonicity and the
definition of p,_, imply that

PxrelhUL |A7)<SP,_((xpelulh)=p,_,

so that the first term is bounded from above by p,_, P,(4, ). Let us now
estimate P, (A4, ). We have

P,,(A;)sP,,({xre—U I,}>+P,, (A"_m{x,e U 1,})

i=1 i=2"-143

+P,,(,\‘r€[2n—l+| U1211—|+2)

1+¢(L)

<
2" -2

+e(L)+2

Yi<n<N (4.23)

o —

where we used the symmetry between the lower and upper halves of the
rectangle S, U... U Sy to get P,(x,€ U?Z", I,)=1/2, monotonicity, and the

Peierls argument to get the ¢(L) term and (4.20) to get the last term. In
conclusion,

1 1 +¢(L)
P(A7Y<z
n(An ) 2+2 m_2

+&(L)

and (4.21) follows.
To prove the second part of the lemma, we first observe that, by FKG,

HES RS ) ZpE T R(S)
and that the event S+ is contained in the event

2N
Bm{.\'re U I,}

i=(3/4)2¥ 41

Thanks to the previous results [see (4.16), (4.17), and (4.19)] the u# g,
probablity of this last event is greater than or equal to
2N 1
2_
42N —)[1+&L)] 75

[1—e(L)])(1—co)

for 6 small enough and L sufficiently large. ||
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4.4. Proof of Lemma 2.4

As in the proof of Lemma 2.2, one can bound from above the quantity
appearing in the statement of the [emma by

AVIPEEDY Jd/lR. ()[R, T (ox(x) = + 1) —uZ; T(ox(x)= +1)] (4.24)

xe R\R;y

where R, = R,\{xe R,; dist(x, 9;) <§L(1 —3)}. Next we write
Jduk.(o])ﬂ'” oa(x)=+1)

<ﬂuRvuR1( ( ) +1)
+2 Z Luglo(y)=+1)—ug  plo(y)=+1)]
redol R AR,

SpEorlo(x)=+1)+e(L) (4.25)

and
Jd;tkl(al)y”' HloAx)=+1)Zug, g lolx)=+1) (4.26)

where we have used once more DLR, (1.4), and Lemma 4.1.
The result now follows by plugging (4.25) and (4.26) into (4.24) and
applying once more Lemma 4.1 in order to estimate

HE L O(X)=+1)—ug  plox)=+1) |

4.5. Proof of Lemma 2.5
Let F(o,)={du% (o, g(o;). Then we write

.J d#;]ukz(al) F(a?_) _Jd”AL(UZ I m >0) F(az)

< Udﬂ 3ond02) F(o3) — [ dis (02| $%) Fo3)

- ]j dit1,(02 | S3) Flos) — [ dig(o | m>0) Fla)

(4.27)

where

R ={xeR,n R,:dist(x, 0,(R;)) =L}
S = {3 a plus #-chain in R’ connecting 8, with d,}
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We now observe that, as in the proof of Lemma 2.2, the projection on
Q . \r; Of R L, s smaller than the projection over the same set of the
measure /4,(0, | SZ). Thus we can bound from above the first term in the
r.h.s. of (4.27) by

2lgle Y [uafo(x)=+1]SE)—ui  alo(x)=+1)]
xe V\R;
<2lf|oo Z [ﬂ;]uRz\R:(U(x)=+1)_,U;IUR._,(U(X)=+1)]<8(L)
xe \R; (428)

where in the second inequality we used, as before, (1.4), Lemma 4.1, and
the fact that [F|,, <|f|... In order to estimate from above the second term
in the r.hs. of (4.27) we first need to recall the following basic fact about
the measure p 4,(c | m>0) (see ref. 9):

#4,(3apluschainc A, \AS [m>0)>1—¢(L) (4.29)

where A9={xed,; dist(x,04,)>JL}. From (429) and the Peierls
argument it easily follows that

a((Sp) Im>0)<e(L);  lu(Sy)—3l<e(L) (4.30)

By writing now

[ duaos | S%) Flo)

_j d:u/lL(al | m> 0) F(U?_) Id/t/lL(GZ; m >O’ (S;’)C) F(O-Z)

2u4,(S%) Ha(SE)
fdu4,(0,:m<0; S}) F(a,)

#AL(S;')

(4.31)

and using (4.30), we immediately get that the second term in the r.h.s. of
(4.27) is bounded from above by 3¢(L). |

4.6. Proof of Lemma 2.6

Let us consider the following two subsets of 0., (Rs) N A, :

A,={xeaex,(R4)nA,_:x2<§(l —76)}
L
A2={xeaex,(R4)mAL:5(l +85)<x2<L}
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and the associated local magnetizations

Z.\‘E/ﬁ O’(.\') Z,\'EAZ a(x)
mA = mA?-:—l}I_l—

A
Then we get
[ duse(ar1 €+ ) [ dusloa | CH ) pg((S3))

Sup(my, (1= | C* N4 pgmy, <(1-6) [ CH7)

+  osup pRUSERUST)) (4.32)
m,;l(o')>(l—6’)
ms{e) > (1-3")

where ¢’ = §/20.
Notice that the third term in the r.h.s. of (4.32) is bounded from above
by

el +"'“)ﬂ§e4((5f)") (4.33)
where

(x)=+1 Vxed, ud,
(x)=—1 Vx €. ((Ry) N AN UA,)

Using the Peierls argument as in the proof of Lemma 2.1, it is easy to
check that

Hr((ST))<e(L) (4.34)

Let us now estimate the first term in the r.h.s. of (4.32), the second one
being identical. Using the definition of the event C'* ~' and (1.4), we
immediately get that

R (ma <(1=6") | ctr Sglmy<(1-9")

<ui (mAi < ( ! —%—) {j—D (435)

where A} ={xeA,; x,>(d'L/4)(1 —7d)}. Notice that the event

5 |A1|>
<[1== )2y
Mai (1 z>|Aa|
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depends only on the spins o(x) with dist(x, OR,) = (d'L/4)(1 — 7). Thus we
can apply Lemma 4.1 to get

,u;l <”1A’|<<1 ):j|:><ﬂ <H1A:|<(1 ):j :)+ (L <28(L
(4.36)

where, in the last inequality, we have used Lemma 1 of ref. 9.

4.7. Proof of Lemma 2.7
Without loss of generality we can assume that L is odd. Let

L |Ll-9)
2|7 s }

o't = {x €8, R5;0<x, <

| L L1 -
M ={x€0Ray; <X <L, x,= L
2 L 4

e L L(3-9)
okt = {\eamR,,0<\,<E ‘c2=— 7 ‘}
. L 3_
aggh‘ {\Eae“R” <x; <L xp= g 4 5)J}

and let, for any a€(0, 1/2), A(a) be the intersection of the following four
events:

Al(a) = {a; > a(x)?%(l —a)}

~NE a‘f"

A’,’(a)={a; Y, ox)< - %(1 —a)}

xe Bfigh'

AQ(«)={G; Y a(x)<— %(1 —a)}

. left
xedy

Ag<a>={a; R %(l—a)}

,\-eagigl“
Notice that if e 4(«), then
Kl (ST+US™7)) el F((S*+ U S~ ))

where the boundary condition +, F means +1 on 9", —1 on 37" and
conversely on 9", 9y,
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Thus we can estimate from above
[ duzgor 1 € ) [dugfon | € ) pa((SH+ US ™))
by

[ dus(o01 X7 [dug(os ] € )(02€ A(a))
+eSp°‘L,ufz‘¢((S++uS‘")”) (4.37)

Let us now show that the first term in (4.37) is exponentially small in L
provided that § and f are, respectively, small and large enough depending
on o This in turn follows if we can prove, in the same range of the
parameters, that

B ((A3(@) | €y <e(L)
Ba((47(@)) ] C ) <e(L)
He((A5(@)) ] CT ) <e(L)
B, ((A%a)) | C' ™+ <e(L)
Let us consider only the first of the above inequalities, the others being
similar.
If we denote by m; the (not normalized) magnetization

ms= Y o(x)
xed™ A (x;0L < x <(L/2)(1—58)}
we have
ms—316L< Y, o(x)
.\'eﬁ'l"n
so that

<L
=2

KAL) | € ) <u, (mo<G (1 =as70) [ )

Notice that {m;<(L/2)(1 —a+ 76)} is a decreasing event. Thus, using the
definition of the event C'** ) and monotonicity (1.4), we have

822/84/3-4-24
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L
UR, <m5<§(1 —a+76) | C(+'_)><ﬂ;| <m§<5(l—¢x+75)>

<u”* <m5<§(1 —oc+7(5)>+s(L)
(4.38)

where u* denotes the infinite volume plus phase. In the last inequality we
have used Lemma 4.1 and the fact that

L
dist <6',°ﬂ ) {x; oL<x, sa(l —55)}, aepr,> =>0L

It remains to show that the r.h.s. of (4.38) is exponentially small in L for
any a, any o small enough, and any f large enough, depending on a. This
is actually the context of Lemma 1 of ref. 9.

Let us now examine the second term in the r.h.s. of (4.37). We claim
that, for § large enough independent of § and «

ﬂ%2‘~?((s++US——)C)ge—ﬂ‘(L/M) (439)

If we now take, e.g., a =1/140, we get, using (4.39), that also the second
term in the r.h.s. of (4.37) is exponentially small in L and the lemma
follows.

In order to prove (4.39) we first observe that, because of the boundary
conditions +, F, there exist two open contours /', and I, such that

rl:al_’ail; lea3—>a,~l; i!,ize{2,4}
It is quite clear that for typical configuration the two contours I'; and I,

have length ~L/2 and end in opposite lateral sides. It is therefore natural
to introduce the following events:

Cl={a; A(Fl)c{xeRZ: dist(x,@,)g%(l —5)}}

C,= {a; 4(,) e {xeRQ: dist(x, 3;) <%(1 —5)}}
C= Cl [ sz {0, il #lz}
and write

HETUSTHUSTIVSUET(STT US| O +uET(C)  (440)
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In order to estimate the first term in (4.40) let us fix the two open contours
I’y and I, in such a way that the conditions specified by the event C, n C,
are satisfied and, without loss of generality, let us assume that i, =4 and
i,=2. Then we write

HETUSTH US| Iy, Ty)
Sug TUSTH)NT, T)
<

Ry
R

Er(STT))

<

L
<pg, <3acontourF; IFIBE(1—6)>

e 2MLN3 (441)

for f large enough. In the above chain of inequalities we have used
monotonicity (1.4) together with the hypothesis i/, =4, i, =2 to replace the
measure ui ¥ (-| I'y, I';) with the measure uj, and the standard Peierls
argument to derive the final estimate. )

We are left with the estimate of ;z;;‘l'x(C"). If we use estimate (4.9), we
immediately get

B © <A(F.) i {xeRZ: dist(x,a‘)gl%u _5)}>

< Z e—2/3|r|+/;L Se—zﬂ(L/H) (4.42)
r
\F =2 L2+ (L/12) 1 = o)

and similarly for I',. It remains to estimate the probability that i/, =i,. One
easily realizes that 7, =i, implies the existence of another open contour
I';:0,—8,. By proceeding as in the derivation of (4.9), we get

,u,f‘:(il=i7)<2 Z e—zﬂ(lnl+|le+lfsl)+2ﬂL<£(L) (4.43)
) ) re\nl = L2
MMz L2
Mzl =L
for § large enough.
If we combine (4.41) and (4.43), we get (4.39) for any f large enough
(independent of J and «). |
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